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Topological nodal line semimetals are known to host chained, linked or knotted line degeneracies protected
by symmetries. Recently, the topological nodal chain semimetals have been observed in photonics; however, the
realization of the topological nodal link and knot semimetals is still elusive. To search for those exotic materials,
here we classify the possible local evolutions of the chained structure near the critical point where two nodal
lines touch each other in the presence of a general form of perturbations preserving the symmetries. Using this
key finding of the evolution rules, we can further discuss the (global) knot transitions to nodal lines with knots
or non-zero linking number, and propose that the nodal chain semimetals, which are protected by space-time
inversion symmetry, can evolve into the topological nodal link semimetals.
PACS numbers:
Introduction—Topological phases of matter have been at-
tracting extensive attention in the field of condensed mat-
ter physics [1–6]. Among them, the topological semimetals,
which possess topologically protected band crossings [5, 6]
can be further classified by the nodal point [7–17] and nodal
line [18–27] semimetals, based on the dimensions of band
crossings. Especially, topological nodal lines can form va-
rieties of knots and links in the 3D Brillouin zone (BZ); the
searching for the new materials of the topological nodal line
semimetals has been under intensive theoretical and experi-
mental studies [28–52].
Since without symmetries nodal line semimetals are always
unstable, the presence of symmetries is the key leading to the
topological protection of the nodal lines; different symme-
tries give rise to varieties of topological nodal line semimetals.
First, (glide) reflection symmetry protects nodal lines in the
mirror planes and quantizes the Berry phase with the integral
path encircling the nodal line [6]. Second, the nodal lines un-
der chiral symmetry or space-time inversion (PT ) symmetry
can move freely in the 3D BZ. Without the spatial constraint,
these nodal lines can form a loop, a chain[28–42], a link [43–
51] or a knot [51, 52].
From the theoretical point of view, the nodal knot semimet-
als (hereafter, knot refers both link and knot) inspire new in-
terest in the field, because their topological properties are not
only captured by the topological charges stemming from on
the local nodal lines [6], but also defined by the global linking
or knotting properties [49, 53–56]. Two nodal knot semimet-
als belong to the same (topological) knot classes, if their nodal
lines can be deformed to each other by non-broken bending
and stretching without tearing the lines apart [57], and the
knot transitions are defined by transitions between two dif-
ferent knot classes. On the other hand, topological nodal
chain semimetals [28–42] possess multiple touching points
(TPs) protected by symmetries; hence, the nodal chains can
be considered as transition phases between distinct nodal knot
FIG. 1: Three types of local nodal line (NL) evolutions. On the left
is the local evolution of the NLs vertically projected on the natural
projective plane and on the right is an illustration of the correspond-
ing global evolution. (a). Linking evolution, where NL1 (red) and
NL2 (blue) move along the perpendicular direction of the natural
projective plane and cross each other, as the perturbation parameter
λ evolves from negative to positive. In this case, two looped NLs
can evolve to Hopf link NL as shown on the right. (b). Type-I non-
linking evolution. The projected NLs cross on the projective plane
when λ ≤ 0, separate when λ is positive. The NLs can touch, re-
combine and then separate under perturbation. On the right example
one can notice two separated loop NLs would merge to one loop
globally. (c). Type-II non-linking evolution where the projective NLs
are separated when λ 6= 0. In the same example, one loop can evolve
into another loop.
semimetals. It brings excitement in the community that the
nodal line and nodal chain semimetals have been identified
by real materials and experiments [30, 33, 35, 36], but the
possible realization of nodal knot semimetals are elusive. Al-
though they have been proposed in cold atom [43–48], su-
perconductivity [49], Floquet [50] and even non-Hermitian
systems[56, 58]. Thus, it is urgent and important to search
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2FIG. 2: The classification of the local evolution of two nodal lines with a single touching point (TP) in the view point of the natural projective
plane, which is based on the local k · p model around the TP. The second column shows the dispersion around TP could be linear (non-
vanishing gradient) or quadratic (vanishing gradient) in the different cases. Here linear means linear dispersion along one direction in the BZ.
This limits the possible geometry forms of the surface hi(k) = 0 as shown in the third column. The fourth column shows the possible local
evolutions of nodal lines under the constraint of the local k · p model around the TP. One can notice only the third case can have linking and
type I non-linking evolutions.
for topological nodal knot semimetals in reality. In this
manuscript, with the discovery excitement of the nodal chain
semimetals [30, 33, 35, 36], we provide a guidance to directly
realize the knot semimetals from the chain semimetals with
TPs by studying the TP evolution.
Linking and non-linking evolutions—We mainly focus on
PT symmetry protected nodal lines and our results can be ex-
tended to the nodal lines protected by chiral symmetry. The
effective model can be described by the two-band Hamilto-
nian,
H0(k) = hx(k)σx + hz(k)σz, (1)
where k = (kx, ky, kz), since PT H0(k)PT −1 = H0(k)
with the symmetry operatorPT = K, whereK is the complex
conjugate operator. The band crossings of the Hamiltonian in
Eq. (1) are determined by the conditions hx(k) = hz(k) = 0.
We study the local evolutions of the nodal lines with one or
multiple TPs, as shown in Fig. 6. Starting from a Hamiltonian
of Eq. (1) with some TPs, a generic PT symmetric perturba-
tion
H1(k, λ) = λgx(k, λ)σx + λgz(k, λ)σz, (2)
can reshape the nodal lines, where λ is the external parameter
andH1 → 0 as λ→ 0.
To study the evolution of the nodal lines, we vertically
project them into a two dimensional plane, as shown in Fig.
6. A simple choice is the natural projective plane spanned
by the two tangential vectors at the TP of the two nodal lines
determined by Eq. 1. The evolutions can be generally classi-
fied into three different types, as shown in Fig. 6. In Fig. 6
(a), the two local nodal lines (NL1 and NL2) move along the
direction perpendicular to the projective plane and cross each
other, which is called linking evolution in this paper. Yet in
(b) and (c), the two nodal lines (NL1 and NL2) can touch,
recombine and then split into two new nodal lines (NL3 and
NL4), which are named type I and type II non-linking evo-
lutions respectively. An example illustrating the relation be-
tween the local and global evolutions is also shown on the
right of Fig. 6, where two looped nodal lines intersect at one
touching point when λ = 0. If one just focus on the critical
point (λ = 0) of the above evolutions, their nodal lines have
the same topology (see the middle step in all three evolutions
on the right of Fig. 6). We will show that the key to distin-
guish the three different evolution is the forms of the effective
Hamiltonians around the TP, as shown in Fig. 2. Using the
evolution rules, we can further discuss the (global) knot tran-
sitions to nodal rings with knots or non-zero linking number as
well as propose the realization of nodal knot semimetals from
nodal chain semimetals, which are protected by two mirror or
glide planes with four TPs.
The evolution of two nodal lines with one TP—We first
study the conditions for the emergence of these TPs in the
Hamiltonian 1. Mathematically, these TPs are considered as
singularity points of the nodal lines [? ], which are defined
by the vanishing of the tangent vector along the nodal lines
3at these points. Since the nodal line is the intersection of
two surfaces hx(k) = 0 and hz(k) = 0, for a point k0 on
the nodal line, the tangent vector T (k0) is perpendicularto
the two normal directions ~∇khx(k0) and ~∇khz(k0), where
~∇k = (∂kx , ∂ky , ∂kz ). In this regard, the tangent vector at
point k0 along the nodal line is given by
T (k0) = ~∇khx(k0)× ~∇khz(k0). (3)
Since the TP in the nodal line belongs to singularity point,
kTP obeys hx(kTP ) = hz(kTP ) = T (kTP ) = 0. To
have T (kTP ) = 0, the TP evolution is classified as the
three cases: (i) the two gradients are parallel (~∇khx(kTP ) =
c~∇khz(kTP ) 6= 0), (ii) one of the gradients vanishes and (iii)
both vanish, as shown in the three rows of Fig. 2.
Now we show that the case (i) and (ii) can only have type
II non-linking evolution in the view point of natural projec-
tive plane. For these two cases, at least one of the two sur-
faces must have nonzero gradients at kTP , which satisfies
~∇khx(kTP ) 6= 0. As shown in Fig. 3 (a)-i/ii, this surface
(yellow one) can be mapped to a flat R2 plane (blue one),
which is the natural projective plane. Under a PT symmetric
perturbation, both the two surfaces and their crossing nodal
lines will change, e.g. from the blue dotted line to the red line
in Fig. 3 (a)-i/ii. Since the TP and parts of the two nodal line
reside in theR2 patch and the introduced small perturbation λ
cannot dramatically change the geometry of the patch. While
four line heads connect the TP, with perturbation in the patch
the heads of the nodal lines can connect only their neighbor
heads after the TP vanishes as illustrated in Fig. 3 (a)-i/ii due
to the spatial limitation of the patch plane. This always leads
to type-II non-linking evolution in the view point of the natu-
ral projective plane when one of hx(k) and hz(k) has linear
term around the TP. Here we emphasize that the results ob-
tained above relies on the choice of projective planes. If we
choose another projective plane, as shown in Fig. 3 (a)-iii/iv,
the types of local evolutions may be changed from type II non-
linking evolution to the type I non-linking evolution.
In contrast to the former two cases, in case (iii) neither
hx(k) nor hz(k) have linear terms around kTP as shown in
the third row of Fig. 2. The two surfaces can be locally viewed
as two “Dirac cones” entirely in the 3D BZ and the TP is a
singularity point for the two surfaces, as shown in Fig. 3 (b)-
i. This singularity point is sensitive to the external perturba-
tions, and as λ varies, these two “Dirac cones” can become
two cylinders, which is shown in Fig. 3 (b)-ii/iii. Hence, in
addition to the type II non-linking evolutions, it is possible
to have linking and type I non-linking evolutions. We can
take a simple example to illustrate the above results, where
the Hamiltonian satisfies Eq. 1 with hx(k) = k2x + k
2
y − k2z
and hz(k) = k2x + 3k
2
y/2 + kxkz/2 − k2z . The two surfaces
hx(k) = 0 and hz(k) = 0 form two “Dirac cones” respec-
tively in the 3D BZ as shown in Fig. 3 (b)-i with blue and
yellow colors respectively, and the crossing of the two nodal
lines forms a TP. We introduce the first type of perturbation
in the form of Eq. 2, with λg2x(k) = −λ(λ + ky), λg2z(k) =
FIG. 3: (a). Parts of the two nodal lines and a TP resided hx(k) = 0
(yellow) can be mapped to a plane patch (blue), which is the natural
projective plane. When the TP vanishes, line 1 must connect either
line 2 or line 4. Therefore, it is impossible to have linking evolution
in the plane patch. (b). The local evolution of the nodal lines under
different perturbations. Here we choose hx(k) = k2x + k2y − k2z ,
hz(k) = k
2
x + 3k
2
y/2 + kxkz/2 − k2z for (b)-i. The perturbations
we chosen for (b)-ii/ii is λg2x(k) = −λ(λ+ky), λg2z(k) = −λ(λ−
2ky) with λ = 0.1 and −0.1 respectively. For (b)-iv is λg1x(k) =
λ, λg1z(k) = 0 with λ = 0.1.
−λ(λ − 2ky) and λ = 0.1 for Fig. 3 (b)-ii and λ = −0.1
for (b)-iii. In this regard, when the two “Dirac cones” evolve
two cylinders with varying λ, the two nodal lines on the top
cone connect the two on the bottom cone respectively as link-
ing evolution. The other type of perturbation is given by
λg1x(k, λ) = λ, λg
1
z(k, λ) = 0. Fig. 3 (b)-iv shows the evo-
lution of these two surfaces and their crossing nodal lines for
λ = 0.1. One can notice the first “Dirac cone” hx(k) = 0
(blue) is “gapped” in the 3D BZ and the second “Dirac cone”
FIG. 4: Global knot transitions by one or several TPs. (a) shows the
trefoil knot can be obtained from a trivial loop by linking evolutions
around one TP. (b), (c) and (d) show the knot transitions also oc-
cur through type II non-linking evolutions around one, two and three
TPs. Notice the projective planes for muti-TPs are parallel in (c) and
(d). (e) and (f) show the knot transitions via type I non-linking evolu-
tions in a nodal chain semimetals with four TPs. Here the projective
planes are not natural projective ones; type II non-linking evolutions
(in the natural projective plane) become type I non-linking evolutions
in the different view. This transition to a Hopf-link is described in the
details by the example of Fig. 9.
4hz(k) = 0 is unchanged; the “gapped” cone leads to type II
non-linking evolution.
Knot transitions—Based on the rules of local evolutions, we
discuss global knot transitions from nodal lines without knots
to ones with knots. It is known that the knot equivalent classes
are defined by the continuous evolutions of nodal lines in the
BZ without breaking or crossing them. Hence, without dis-
connecting the nodal lines, the nodal chains with TPs play the
important role of knot transition phases. In the following, we
use some simple examples to illustrate the way to the (global)
knot transitions by the local evolutions of TPs.
We start with nodal chains with a single TP. Mathemati-
cally, it can be shown both linking and non-linking evolutions
can induce knot transitions. The linking evolution is a promi-
nent case as shown on the right of Fig. 6 (a), where two sepa-
rated nodal rings can transit to the Hopf-link. Another exam-
ple is shown in Fig. 8 (a), where a trivial nodal ring (the right
one) can transit to a trefoil knot (left one) via linking evolu-
tions around the TP (pink region). For the non-linking evolu-
tion, we show an example of knot transition from a nodal ring
(the right one) to a Hopf-link (the left one), as shown in Fig.
8 (b).
The knot transitions for the multiple TPs via non-linking
evolutions play an central role of this section, since the known
nodal chain semimetals have several TPs commonly with lin-
ear dispersion. According to the evolution rules, all the local
evolutions around the TPs of the nodal chains belong to the
type II non-linking evolutions in the view point of their natu-
ral projective planes. If all the TPs share a common natural
projective plane, all the local evolutions in this common plane
will be type II non-linking evolutions. We find two simple ex-
amples to illustrate the knot transitions, where the Hopf-link
and trefoil knot can be realized via multiple TPs with type
II non-linking evolutions, as shown in Fig. 8 (c) and (d). (e)
and (f) show the Hopf-link can also be reached through type
I non-linking evolutions from a nodal chain semimetals with
four TPs. We will study this case, which has potential physical
realization, in the great details next.
Physical realizations— Back to the main goal of the
manuscript, using the limitation of the TP evolution we can
study the possibility that the nodal knot semimetals evolve
from the nodal chain semimetals. In general, the nodal chain
semimetals can be protected by two glide or mirror planes,
which commonly have linear dispersion along the direction
of the crossing lines between the two mirror planes [29–41].
For this reason, the local evolution of the nodal lines around
the TP must be type II non-linking evolution in the view point
of the natural projective plane. As shown in the above sec-
tion, knot transitions are not forbidden globally for the TPs
with linear terms. Indeed, we have found a concrete exam-
ple to realize the Hopf-link semimetals from the nodal chain
semimetals protected by two mirror symmetries with four TPs
as follow. [? ]
The model we considered is a nodal chain semimetals pro-
tected by ky = 0 and kz = 0 mirror symmetries. The Hamil-
tonian is shown in Eq. 1 with hx(k) = − sin ky sin kz and
FIG. 5: An example for the realization of Hopf-link semimetals from
the nodal chain semimetals protected by two mirror planes with four
TPs. All the TPs have linear dispersion along the kx axis and the
natural projective planes are parallel to the kx = 0 plane. Hence the
local evolutions belong to the type II non-linking evolutions in the
view point the natural projective plane and to the type I non-linking
evolutions in the view point of planes plotted on the right side. The
red curve shows the nodal chains protected by two mirror plane sym-
metry. The global evolution of the nodal chains are plotted by the
blue curves, which form a Hopf-link. The diagram representations
of the knot transition are shown by (e) and (f) in Fig. 8.
hz(k) = 1/2 cos kx + cos 2kx + cos ky − cos kz − 1/8. This
Hamiltonian has two separated nodal chains. One is around
the kz = 0 plane; the other is away the kz = 0 plane. In
order to simply the discussion, we only focus on the nodal
chains around the kz = 0 plane, which are plotted by the red
lines on the right of Fig. 9. The chains are located at ky = 0
and kz = 0 planes and sharing the four TPs. Under the ex-
ternal perturbations of Eq. 2 with λgx(k, λ) = −λ sin 2kx,
λgz(k, λ) = 0 and λ = 0.1, the nodal chains transit to the
Hopf-link as shown on the right of Fig. 9 with blue color. The
gray and green squares are the natural projective planes and
the local evolutions belong to the type II non-linking evolu-
tions in these planes. However, in the view point of the right
side of Fig. 9, the local evolutions around the TPs belong to
the type I non-linking evolutions. Thus, the global represen-
tation of the knot transition is a Hopf-link transition, which is
also shown in (e) and (f) of Fig. 8.
Discussion– In summary, we have classified the local evo-
lutions of the nodal lines, which are based on the types of
k · p model around these TPs of the nodal chain semimet-
als. The key finding in the manuscript is that the TP evolu-
tion of the two nodal lines is limited, when the energy dis-
persion at the TP is linear. That is, there exists a natural pro-
jective plane where the TP evolution is always type II non-
linking evolution. Since Hopf-link semimetals, which exhibits
non-zero Chern-Simon 3 form [45, 53], remain elusive, we
serve with a recipe to realize Hopf-link semimetals through
the TP evolution. Even with this evolution limitation, not
only the closed nodal lines without any knot can evolve to
the Hopf-link by passing through one TP but also the two
nodal rings without any knots can evolve to the Hopf link
by passing through two TPs. Encouraged by the discovery
5of the nodal chain semimetals [30, 33, 35, 36], we provide a
straightforward way to realize Hopf-link semimetals from the
nodal chain semimetals protected by two mirror symmetries
with four TPs. In the literature, it has been known that the
linking number of the nodal lines is connected to the Chern-
Simon 3 form corresponding to the physical response. On
the other hand, the distinct knot classes of the nodal lines are
characterized by knot polynomial as invariant; it is important
to understand the connection of the physical responses and the
knot polynomials. We leave this study as our future direction.
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7Supplementary material
Singularity point of a curve
As mentioned in the main text, the touch point, where two local nodal lines touch together, belongs to the singularity point of
the nodal lines. Consider an plane algebraic curve C, which is defined by the following polynomial equation,
P (x, y) = 0. (4)
If a point on C, say (a, b) ∈ C, satisfies
∂P
∂x
(a, b) =
∂P
∂y
(a, b) = 0, (5)
it is called singularity point of the plane algebraic curve C. For example, as shown in Fig. 6, the curve y2 − x3 − x2 − 1 = 0
has no singularities, whereas the curves y2 − x3 − x2 = 0 and y2 − x3 = 0 have singularities at the origin.
In the case of nodal line semimetals protected by PT symmetry, the Hamiltonian can be written as H(k) = hx(k)σx +
hz(k)σz . The nodal lines are one dimensional curves in 3d BZ, which are determined by the following two equations,
hx(k) = 0, hz(k) = 0. (6)
Hence the definition of of singularity point k0 on the nodal line is generalized by the vanishing of the tangent vector, T (k0) = 0.
The tangent vector is perpendicular to the normal directions of two surfaces hx(k0) = 0 and hz(k0) = 0, that is,
T (k0) = ~∇khx(k0)× ~∇khz(k0). (7)
Using singularity to determine the linking transition point
Now we will use the condition of singularity to determine the phase transition between a Hopf-link and two separated nodal
lines. The model of Hopf-link semimetal can be written
hx(k) = (n1 − n3)(n3 − λn0)− n4(n2 − n4),
hz(k) = (n2 − n4)(n3 − λn0) + n4(n1 − n3),
(8)
where n0 = k2 + 1, n1 = 2kx, n2 = 2ky , n3 = 2kz , n4 = k2 − 1 and λ is the external parameter. Fig. 7 shows the evolution
of nodal lines with different values of λ. One can notice that the Hopf-link nodal line semimetals can emerge in the parameter
region |λ| < 1/√2.
In order to determine the phase transition point, we use the T (k0) = 0, that is
εαβγ eˆα∂βhx(k0)∂γhz(k0) = 0, (9)
where α, β, γ = x, y, z. Combined to the condition hx(k0) = hz(k0) = 0, one can obtain the flowing four critical values
of the parameter, λc = ±1/
√
2,±1. Only the λc = ±1/
√
2 are the linking transition points and the corresponding TPs are
kTP = (±1/
√
2, 0,±1/√2).
FIG. 6: Plane algebraic curves and singularities. y2 − x3 − x2 = 0 and y2 − x3 = 0 have singularity at the origin.
8FIG. 7: The nodal line evolution of the Hopf-link model. Here λ has four critical points in red color. Notice only λc = ±1/
√
2 are the knot
transition points. The hx(k) = 0 and hz(k) = 0 are represented by the blue and yellow surfaces respectively.
Linking evolution and quadratic dispersion
As proposed in the main text, the local evolutions can be classified by the linking, type I/II non-linking evolutions. In the
example shown above, the local evolution belongs to the linking one, which is also shown in Fig. 8. According to our theory,
the dispersion around the touching point does not allow the linear term. In order to check this, we plot the local evolutions
around the touching points with the following parameters λc = 1/
√
2− 0.1, 1/√2, 1/√2 + 0.1 in Fig. 8 from the left to right,
respectively. It is clear that the Hopf-link transit into two-loop nodal lines as δλ goes from negative to positive. The local
evolution of the nodal lines around the touching point is shown in the natural projective plane in Fig. 8 (a). Around the touching
FIG. 8: The nodal line evolution of Hopf-link model defined by Eq. (8) around λc = 1/
√
2. (a). Nodal lines (red/blue) and natural projective
planes (gray) with δλ = −0.1, 0, 0.1 respectively. On the projective plane, the local evolution of the nodal lines belongs to the linking-
evolution. (b). Local shape of the two surfaces hx(k) = 0 and hz(k) = 0 around the touching point. Both surfaces are quadratic at the
touching point.
9FIG. 9: The red curve shows a nodal chain semimetal protected by two mirror plane symmetries. According to our theory, the local evolutions
around the TP can only have two different types as shown on the right, where the two squares are the projective planes. Thus global evolution
of the nodal chain can only have four classes, as shown in (a), (b), (c) and (d). None of them belong to the linking or knotting transition in this
example.
point, kTP = (1/
√
2, 0, 1/
√
2), One can easily obtain
hx(δk) ' −2
√
2(δkxδky + δkyδkz) + 8δkxδkz,
hz(δk) ' 3
√
2(δk2x − δk2z)− 2(δkxδky − δkyδkz).
(10)
Fig. 8 (b) shows the fact that the hx(k) = 0, hz(k) = 0 are both quadratic at the TP and the corresponding local nodal line
evolutions.
The case of two touching points
As an application of our theory, we proposed in the main text that the knot transition can be realized in the nodal chain
semimetal protected by two mirror symmetries with four touching points. Here we show another example for as an application
of our theory. If we consider a nodal chain semimetal protected by two mirror symmetries with two touch points having
linear dispersions, the the knot transition is forbidden. One can consider the following simple example with the Hamiltonian
H(k) = hx(k)σx + hz(k)σz
hx(k) = − sin ky sin kz, hz(k) = cos kx + cos ky − cos kz − 1/2. (11)
This model have two mirror planes, which are kz = 0 and ky = 0. The nodal chain is shown in FIG. 9 with the red curves.
According to our theory, the local evolutions around the two TPs must belong to the type II non-linking evolution in the viewpoint
of natural projective plane (gray and light green squares in Fig. 9). Because we have two touching points, there only exist four
global evolutions, as shown in FIG. 9 (a), (b), (c) and (d). All of them are trivial evolutions.
